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Basic Structures: Sets, Functions, 
Sequences, and Sums

CSC-2259 Discrete Structures
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Sets
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A set is an unordered collection of objects

English alphabet vowels: },,,,{ uoieaV 

Odd positive integers less than 10:

}9,7,5,3,1{O

elements of set
members of set

Va Vb
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Other set representations

Set of positive integers less than 100:

}99,,3,2,1{ 

Odd positive integers less than 10:

}9,7,5,3,1{O

10} than lessinteger  positive oddan  is |{ xxO 

10}  and odd is |{   xxZxO

omitted
elements
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Venn Diagram

1 3

5

7
9

2

4 6

8

10} than lessinteger  positive oddan  is |{ xxO 

10} than lessinteger  positive a is |{ xxU 

U

O

Universe
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Useful sets

},3,2,1,0{ N

},2,1,0,1,2,{  Z

},3,2,1{ Z

}0,,|/{  qZqZpqpQ

}numbers Real ofset {R

Natural numbers

Integers

Positive integers

Rational numbers

Real numbers
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Empty set

{}

}{
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Cardinality (size) of set

},,,,{1 uoieaS 

}99,,3,2,1{3 S

},3,2,1,0{ N

},,,,{2 zcbaS 

0|{}|||  1|}{| 

5|| 1 S

26|| 2 S

Number of elements

99|| 3 S

infinite size

Finite sets

Infinite set
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Equal sets

BA 

)( BxAxx 

Examples: }1,5,3{}5,3,1{ 

}5,5,5,5,3,3,3,1{}5,3,1{ 

10}  and odd is |{}9,7,5,3,1{   xxZx
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Subset

BA

)( BxAxx 

Examples: }5,3,1,0{}5,3,1{  ZN 

For any set    :

A
B

SS S S
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Proper Subset

BA

))(( AyByyBxAxx 

Examples: }5,3,1,0{}5,3,1{  ZN 

A
B

BABA  y
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BA 

ABBA 

is equivalent to
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Power set

The power set of     contains all possible 
subsets of     (and the empty set) 

S
S

}3,2,1{S

}}3,2,1{},3,1{},3,2{},2,1{},3{},2{},1{,{)( SP

822|)(| 3||  SSP

Size of 
power set

Power set

Special cases

}{)( P

}}{,{})({ P
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Ordered tuples (relations)

Ordered n-tuple ),,,( 21 naaa 

ordered list of elements

),,,(),,,( 2121 nn bbbaaa   iff )( ii bai 

)1,2()2,1( Example:
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Cartesian product

Cartesian product of two sets BA,

}|),{( BbAabaBA 

Example: }2,1{A },,{ cbaB 
)},2(),,2(),,2(),,1(),,1(),,1{( cbacbaBA 

)}2,(),2,(),2,(),1,(),1,(),1,{( cbacbaAB 

ABBA For this case:

632||||||  BABASize:
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Cartesian product of sets nAAA ,,, 21 

}|),,,{( 2121 iinn AaaaaAAA  

Example: }2,1{A },,{ cbaB 

)},,2(),,,2(),,,2(),,,1(),,,1(),,,1(                    

),,,2(),,,2(),,,2(),,,1(),,,1(),,,1{(

ycybyaycybya

xcxbxaxcxbxaCBA 

12232||||||||  CBACBASize:

},{ yxC 

|||||||| 2121 nn AAAAAA  
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Sets and propositions

))(( xPSx ))(( xPSxx shorthand for

))(( xPSx ))(( xPSxx shorthand for

Truth set of proposition )(xP

)}(|Domain{ xPx

all elements of the domain which satisfy )(xP
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Set operations
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Union }|{ BxAxxBA 

A B

U

}5,3,1{A }3,2,1{B }5,3,2,1{ BA
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Intersection

}|{ BxAxxBA 

U

}5,3,1{A }3,2,1{B }3,1{BA

BAA B
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Disjoint sets 

 BA

A B

U

}5,3,1{A }9,2{B  BA

BA,
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Set difference

}|{ BxAxxBA 

A

B

U

}5,3,1{A }3,2,1{B }5{ BA

BA
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Complement

}|{ AxxA 

A

U

}5,3,1{A }5,4,3,2,1{U }4,2{A
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|||||||| BABABA 

A B

U

}5,3,1{A }3,2,1{B

Size of union

4233||||||||  BABABA

}3,1{BA}5,3,2,1{ BA

BA
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De Morgan’s laws

BABA 

BABA 

Show that          and
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Theorem: BABA 

Proof: BABA  BABA 

BABA Part 1:

)(

)()()()(

)()())()((

)(

BAx

BxAxBxAx

BxAxBxAx

BAxBAx

BAx











De Morgan’s law from logic
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Part 2:

BAx

BAx

BxAxBxAx

BxAxBxAx

BAx











)(

))()(()()(

)()()()(

)(

BABA 

End of Proof

De Morgan’s law from logic
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Set identities

AUA

AA




Identity laws





A

UUA
Domination laws

AAA

AAA





Idempotent laws

AA 

Complementation 
law

Complement laws





AA

UAA
De Morgan’s laws

BABA

BABA
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ABBA

ABBA




Commutative laws

CBACBA

CBACBA





)()(

)()(
Associative laws

ABAA

ABAA





)(

)(
Absorption laws

)()()(

)()()(

CABACBA

CABACBA





Distributive laws
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Generalized unions and intersections

i

n

i

n AAAA 
1

21





i

n

i

n AAAA 
1

21







15

Konstantin Busch - LSU 29

Example: },2,1,{  iiiAi

},3,2,1{},2,1,{ 1

11

 


AiiiA
n

i

i

n

i

},2,1,{},2,1,{
11

 


nnnAiiiA n

n

i

i

n

i
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Computer representation of sets

}10,9,8,7,6,5,4,3,2,1{U

}9,7,5,3,1{A 1010101010

Represent sets as binary strings

}10,8,6,4,2{B 0101010101
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Set operations become binary string operations

}5,4,3,2,1{A

1010101010}9,7,5,3,1{B

1111100000

}9,7,5,4,3,2,1{ BA

}5,3,1{ BA

1111101010

1010100000

Bitwise OR

Bitwise AND
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1111111111     :

              

0100000000:}{

1000000000: }{

0000000000    :

2

1

S

a

a





Powerset          of },,,,,{ 1321 nn aaaaaS  

bits n

nscombinatio 2n

)(SP

elements n

||22|)(| SnSP 

)(SP
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Functions
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Adams

Chou

Goodfriend

Rodriguez

Stevens

A

B

C

D

F

Names Grades

Cf Chou)( Af Rodriguez)(
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BAf :

A B

a baf )(

f

f

Domain Codomain

Image 
of a

Every element of domain 
has exactly one image

maps    to A B
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Adams

Chou

Goodfriend

Rodriguez

Stevens

A

B

C

D

F

Stevens}Rodriguez,,GoodfriendChou,{Adams,Domain 

F}D,C,B,{A,Codomain 

F}C,B,{A,Range  set of all images

Domain Codomain
f

f

f
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ZZf :

2)( xxf 

ZDomain 

ZCodomain 

}{0,1,4,9,Range 
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Equal functions

BAf : DCg :

gf 

BA 

DB 

)()(, xgxfAx 

same domain

same codomain

same mapping

Konstantin Busch - LSU 38

In some programming languages,
domain and codomain are explicitly defined

int f(int a) {
return a*a;

}
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Add and multiply functions

RAf :1

Real numbers

RAf :2

)()())(( 2121 xfxfxff 

)()())(( 2121 xfxfxff 

Example:
2

1 )( xxf  2
2 )( xxxf 

xxxxxfxfxff  )()()())(( 22
2121

4322
2121 )()()())(( xxxxxxfxfxff 

Konstantin Busch - LSU 40

Image of set

}|)({         

))}((|{)(

Sxxf

xftSxtSf





Example:
2)( xxf 

}9,4,1{})3,2,1({ f

Set S
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One-to-one (injection) function

)()( yfxf  implies yx 

For every          in domain yx,

Examples: 1)(  xxf is one-to-one

2)( xxg  is not one-to-one: 1)1()1(  gg

a 1

2b

c
d

3

4

5

Each element of range is image of one element of domain
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Increasing function: )()( yfxfyx 

Strictly increasing: )()( yfxfyx 

Strictly increasing functions are one-to-one
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Onto (surjection) function

yxf )(
For every          there is          
such that 

By

Examples: 1)(  xxf is onto

2)( xxg  is not onto: 1)(,  xgZx

a 1

2b

c
d

3

BAf :

Bx

Range = Codomain
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One-to-one correspondence (bijection) function

Examples: 1)(  xxf is bijection

2)( xxg  is not bijection

a 1

2b

c
d

3

a function which is one-to-one and onto

4

xxA )( is bijectionIdentity function
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a 1

2b

c 3

4

one-to-one
not onto

a 1

2b

c 3

not one-to-one
onto

d

a 1

2b

c
d

3

4

one-to-one
onto

a 1

2b

c
d

3

4

not one-to-one
not onto

a 1

2b

c 3

4

not a function
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Inverse        of a bijection function f

xyf  )(1 yxf )(when

1f

a 1

2b

c
d

3

4

fdomain codomain
a 1

2b

c
d

3

4

1fcodomain domain

f is invertible function

Example: 1)(  xxf 1)(1  yyf
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A B

)(1 bfa  )(afb 
)(af

)(1 bf 
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Composition of functions

CBf :

BAg : ))(())(( xgfxgf 

CAgf :

Example: xxf 2)( 
2)( xxg 

22 2)())(())(( xxfxgfxgf 

22 4)2()2())(())(( xxxgxfgxfg 
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iffff    11

identity function

yxfyffyff   )())(())(( 11

xyfxffxff   )())(())(( 111 

Suppose yxf )(
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Floor and Ceiling 

Floor function:

Let     be realx

 x largest integer 
less or equal to x

Ceiling function:  x smallest integer
greater or equal to x

Examples: 0
2

1









1

2

1






  41.3    31.3 
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Factorial function

 ZNf : nnnnf  )1(321!)( 

1!0)0( f

1!1  221!2  760654321!6 

000,640,176,008,902,432,22019321!20  

Stirling’s formula:

n

e

n
nn 








 2!

Sequences
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2, 4, 6, 8, 10 1,3,9,27,81,…

Finite sequence Infinite sequence

function from a subset of integers 
to a set S

Sequence:

nanf )(





1,1,3,9,27,8        

,,,,,}{ 54321



 aaaaaan2)1( 1  af

10)5( 5  af

54321 ,,,, aaaaa
Alternate representation

0,3  ka k
n
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naaa ,,, 21 

naaaa 321

naaa n || 21 Length of string:

finite sequence:

Empty string (null): 0|| 

String:

all elements of sequence concatenated
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Arithmetic progression

 ,,,2,, ndadadaa 

Initial term a

Common difference d

Example: nsn 41}{ 

,11,7,3,1

0nstart with
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Geometric progression

 ,,,,, 2 nararara

Initial term a

Common ratio r

Example: n
nc 52}{ 

,1250,250,50,10,2

0nstart with
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Summations

nmmm aaaa ,,,, 21 




 
n

mi
inmmm aaaaa 21Sum:

Sequence:

Example: 5554321 2
5

1

22222 
i

i



29

Konstantin Busch - LSU 57

Theorem:
2

)1(

1






nn
i

n

i

Proof:

111111}{

12321}{

14321}{







nnnnnnc

nnnnb

nna

n

n

n











n

i
i

n

i
i

n

i

baiS
111

Sbacnn
n

i
i

n

i
i

n

i
i 2)1(

111

 


2

)1( 


nn
S

End of Proof
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Theorem: If        are real numbers 
and               , then 

ra,
}1,0{r

1

1

0 









r

aar
ar

nn

i

i

Proof: 



n

i

iarS
0

Let
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)(

)(

1

1

0

1

1

0

1

0

aarS

aarar

ar

ar

arr

rS

n

n
n

k

k

n

k

k

n

i

i

n

i

i









































 )( 1 aarSrS n  

1

1








r

aar
S

n

End of Proof
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Useful Summation Formulas

1||,
1

1

}1,0{,
1

6

)12)(1(

2

)1(

0

1

0

1

2

1






































x
x

x

r
r

aar
ar

nnn
i

nn
i

i

i

nn

i

i

n

i

n

i
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Countable Sets
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Any finite set is countable by default

An infinite set       is countable if there is 
a one-to-one correspondence from     to  

S
S

Countable finite set:

Countable infinite set:

Z

Positive integers
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Even positive integers: ,8,6,4,2

Positive integers:

One-to-one
Correspondence:

,4,3,2,1

n corresponds to n2

Theorem: Even positive integers 
are countable

End of Proof

Proof:
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The set of rational numbers
is countable

all rational numbers: ,
8

7
,

4

3
,

2

1

Theorem:

Proof:

We need to find a method to list
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Naïve Approach

Rational numbers: ,
3

1
,

2

1
,

1

1

Positive integers:

One-to-one
correspondence:

,3,2,1

Doesn’t work:

we will never list 
numbers with nominator 2: ,

3

2
,

2

2
,

1

2

Start with nominator=1
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Better Approach: scan diagonals

1

1

2

1

3

1

4

1

1

2

2

2

3

2

1

3

2

3

1

4









Nomin.=1

Nomin.=2

Nomin.=3

Nomin.=4
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1

1

2

1

3

1

4

1

1

2

2

2

3

2

1

3

2

3

1

4









first diagonal
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1

1

2

1

3

1

4

1

1

2

2

2

3

2

1

3

2

3

1

4









second diagonal
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1

1

2

1

3

1

4

1

1

2

2

2

3

2

1

3

2

3

1

4









third diagonal
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1

1

2

1

3

1

4

1

1

2

2

2

3

2

1

3

2

3

1

4









Every element will be 
eventually scanned

fourth diagonal…
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Rational Numbers: ,
2

2
,

3

1
,

1

2
,

2

1
,

1

1

One-to-one
correspondence:

Positive Integers: ,5,4,3,2,1

End of Proof

Diagonal listing
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Theorem: Set                       is uncountableRS  )1,0(

Proof: Assume that     is countable, S

then we can list its elements

},,,{ 321 sssS 

Elements of S

Konstantin Busch - LSU 72













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

List the elements of )1,0(S
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10987654321.0 xxxxxxxxxxt 

Create new element based on diagonal













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s
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10987654321.0 xxxxxxxxxt 













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

If diagonal element is 0 then set digit to 1 
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10987654301.0 xxxxxxxxt 













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

If diagonal element is not 0 then set digit to 0 
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10987654101.0 xxxxxxxt 













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

If diagonal element is 0 then set digit to 1 
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10987651101.0 xxxxxxt 













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

If diagonal element is 0 then set digit to 1 
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10987601101.0 xxxxxt 













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

If diagonal element is not 0 then set digit to 0 
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101101.0t













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

By repeating process we obtain new number

)1,0(
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101101.0t













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

1st  (differ on first digit)Observation:
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101101.0t













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

2st  (differ on second digit)Observation:
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101101.0t













1251248164.0

3112300123.0

4813502031.0

1375123121.0

6124925410.0

5

4

3

2

1











s

s

s

s

s

3st  (differ on third digit)Observation:
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ist  (differ on      digit)Observation: i
for every i

)1,0(},,{ 21  ssSt

Contradiction!

101101.0t )1,0(

End of Proof
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It follows that the set of real numbers 
is uncountable

is uncountableWe have proven:

It can be proven: Every subset of a
countable set is countable

R)1,0(

R
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The previous proof technique is known as:

Cantor diagonalization argument

The same technique can 
be used in other proofs
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Theorem: If       is an infinite countable set, 
then the power set         
is uncountable

)(SP
S

Proof:

Since       is countable, we can list its elements S

},,,{ 321 sssS 

Elements of S
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Elements of the power set         
have the form:

},{ 31 ss

},,,{ 10975 ssss



)(SP



}{ 1s

},,{ 431 sss

Konstantin Busch - LSU 88

We encode each element of the powerset
with a binary string of 0’s and 1’s

1s 2s 3s 4s 

1 0 0 0}{ 1s

Powerset
elements

Binary encoding

0 1 1 0},{ 32 ss

1 0 1 1},,{ 431 sss







(in arbitrary order)

)(SP
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Observation:
Every infinite binary string corresponds
to an element of the power set

10 Example: 0111 0

Corresponds to: )(},,,,{ 6541 SPssss 
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Let’s assume (for contradiction) 
that the power set         is countable

Then:      we can enumerate 
the elements of the powerset

},,,{)( 321 tttSP 

)(SP
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1 0 0 0 0

1 1 0 0 0

1 1 0 1 0

1 1 0 0 1

Power set 
element Binary encoding

1t

2t

3t

4t











suppose that this is the respective

)(SP
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1 0 0 0 0

1 1 0 0 0

1 1 0 1 0

1 1 0 0 1

1t

2t

3t

4t









Binary string:

Complement of 
diagonal

Take the binary string whose bits 
are the complement of the diagonal

0011t

0 0 1 1 
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0011tThe binary string

corresponds
to an element of 
the power set       : )(},,{ 43 SPsst  )(SP
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Thus,       must be equal to some     :       it

However, 

the i-th bit in the binary string of     is 
different than the         bit of     , thus: 

Contradiction!!!

t itt 

i-th
it itt 

t

End of Proof

)(SPt

},,,{)( 21 ntttSPt 


